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An accurate and simple technique for measuring rms phase noise as a function of
integration time for offset frequencies (10~3 Hz) close to the carvier is described, The
accuracy of this method is verified by Allan Variance measurements in the time domain
and through the use of Hadamard Variance for generating high-resolution spectral density
measurements. Two different synthesizers are evaluated and the results are presented.

l. Introduction

Direct measurements of phase noise below 10 Hz from the
carrier are not commonplace in industry. Special instrumenta-
tion and methods do exist for making close-in measurements
well below 10 Hz, but these are costly as well as very time
consuming. A recent need called for a simple but accurate
technique that could be used by JPL and the synthesizer
manufacturing industry. The need arose from a twofold
requirement of the Phase 4 Receivers for VLBI. One aspect of
the requirement called for cost-effective synthesizers because
each receiver requires 12 synthesizers to provide a controlled
selection of highly stable signals to be used for the second
local oscillator signal. The other part of the requirement was
related to an accurate in-house evaluation of close-in phase
noise of a dozen potential candidate synthesizers. Thus, an
accurate technique would assure the proper selection of the
candidate synthesizer, and a simple test technique would be in
keeping with lower cost units since this technique could be
used for the acceptance testing of the production synthesizers.
This report describes a method that is both accurate and
amenable to production testing.

Typically, synthesizer manufacturers measure and state the
stability of their units in terms of noise spectral density to

within 10 Hz of the carrier. System requirements, on the other
hand, are stated in user terms, for example, phase error as a
function of sampling or integration time. The test method
described below measures the synthesizer stability as phase
error in the time domain. Allan Variance measurements (in the
time domain) were used to verify the phase error measure-
ments. In addition, the same Allan Variance measurements
were transformed to the frequency domain and thus character-
ized the synthesizer’s noise spectral density to within 10~3 Hz
from the carrier. The accuracy of the transformed data was
verified via high-resolution spectral density measurements
using the Hadamard Variance. The sections below describe the
various measurement techniques, the time domain to fre-
quency domain transformations, and the range of
applicability.

il. Frequency Domain
A. Noise Spectral Density

To specify stability, synthesizer manufacturers’ data sheets
typically specify <£(f,), the ratio of the single sideband
power of phase noise in a 1-Hz bandwidth £,, Hertz away from
the carrier frequency to the total signal power. The usual range
for f,, is from 10 to 10% Hz, with no data relating to the
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extremely close-in phase noise, which is of interest to those
concerned with medium-to-long-term stability.

The customary method for generating £( fn) curves
utilizes spectrum analyzers, and the measurement techniques
are straightforward and well-understood. To cover a wide
range of £, , several types of spectrum analyzers must be used
and the typical measurement technique is shown in Fig. 1. The
different configurations (A and B) displayed in Fig. 1 repre-
sent the method used to compensate for the limited offset
range capability of typical spectrum analyzers. The newest
generation of spectrum analyzers, like the HP 8568, provide
most of the required range from offsets of 80 Hz to greater
than 1 MHz away from the carrier, at the actual carrier
frequency (Configuratien A: f, = 100 MHz). Older analyzer
models require more overlap with lower offset frequency
domain analyzers such as the HP 3581 Wave Analyzer (max
f, <50 kHz) or the HP 3585 low-frequency spectrum
analyzer (f, < 40 MHz. These instruments measure f,, >3 Hz

‘and 25 Hz respectively, but require the measurement setup of

configuration B, which adds an external mixer prior to the
low-frequency spectrum analyzer, and thus extends its upper-
frequency limit. These techniques provide a direct measure of
the noise power at different offset frequencies, and require the
corrections delineated in the Appendix to derive the SSB noise
in 1 Hz. Configurations A and B were used to generate the
&L(f,,) curve depicted in Fig. 2 for the laboratory model
synthesizer built by JPL, similar in design to the Mark
III-Haystack Digitally Controlled Synthesizer (DCS). Spectral
densities generated with the different instruments agree well
where data overlap existed, and furthermore, data connect
smoothly between different regions where measurements were
not taken. The accuracy of the spectral density measurements
is estimated to be within *3 dB. The other £(f,,) curve, also
in Fig. 2, was obtained from the data sheet of a commercially
available synthesizer. Both of these curves illustrate the
frequency range that can be normally covered, but which does
not get into the close-in range.

To extend the noise spectral density curves into the
extremely close-in range, use was made of the Allan Variance
method. Medium-to-long term stability performance in the
time domain can be practically and meaningfully measured by
fractional-frequency deviations (the square root of Allan
Variance). The testing requires a statistical evaluation of the
sampled synthesizer frequency, as it deviates from a reference
standard. In general, fractional-frequency deviation does not
provide a precise estimate of spectral density for offsets, f,,,
far away from the carrier. However, for close-in phase noise,
sufficient accuracy is obtainable, as shown later by the direct
rms phase jitter measurements. Fractional-frequency deviation
data were obtained for the two synthesizers whose noise
spectral densities are given in Fig. 2. The measurement
technique is illustrated by the block diagram in Fig. 3, with
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the HP 5390 Frequency Stability Analyzer shown used to
sample the beat note between the reference and synthesizer
under test and to calculate the fractional-frequency deviation,
0,,(7). Narrow noise bandwidths (f,), corresponding to small
beat notes (v,), were needed for measurement of close-in
spectral density components of the continuous noise distribu-
tions. A wider f,, measurement is described in a later section to
supplement this close-in data base with the middle to far-out
offset frequency components. The measured stability perfor-
mance for the two synthesizers is depicted in Fig. 4 for v, =
1 Hz. Medium-to-long-term stability performance is covered by
the integration times, 7, from 10 to 10° seconds. Different
noise processes in the synthesizers give rise to the slopes of the
fractional-frequency deviation, o,,(r) plots in Fig. 4. The noise
process can be identified by its slope, and, by knowing the
noise process, a time-to-frequency transformation can be made
thus translating the accurate long-term stability measurements
into close-in noise spectral density data.

B. Time-to-Frequency Transformations

Transformations from the time domain to the frequency
domain have been described (Refs. 1 and 2), and have been
applied by Sward (Ref. 3) to the highly stable hydrogen maser
over the same offset frequency range of interest (103 to 109
Hz). A method similar to Sward’s was used in this evaluation
except that more exact formuli (Ref. 4) were used here for
calculating the f,, corresponding to a particular integration
time 7. A simple reciprocal conversion can lead to up to an
order of magnitude error from the exact value. The more exact
method involves calculating the f,, at the intersection points
where the dominant noise process changes and gives rise to a
different slope. For example, in Fig. 4 the o,(7) plot for the
commercial synthesizer shows a break point (a change in
slope) at 7= 40s. The simple reciprocal conversion leads to
fin = 0.025 Hz, while the more exact formula results in f,, =
0.007 Hz.

The extension of the noise spectral density plots were
generated by approximating the experimental Uy(T) data with
slopes corresponding to well-known noise processes. In the
plots of Fig. 4, both units were considered to be composed of
two noise processes. The commercial unit consisted of white
frequency (slope = -1/2) and random walk frequency (+1/2),
while the JPL-built unit exhibited flicker phase (slope =-1)
and white frequency (-1/2).

The transformations used for the 3 different noise processes
are

_(o,(0F, 72565

1
2.184+1n (£, 7) L

A flicker phase ¢))




£(,,) = (0,0, 712y r? white frequency  (2)

- ~1/2 2 -4
£t,) = (o, (NS, 7 /20.276)* £# random walk frequency
(3)

in which f, denotes the carrier frequency and f, is the
measurement bandwidth. The exact values for f,, were found
by solving simultaneously for f,,, and 7 with pairs of the above
equations whose corresponding noise processes intersect. The
at the intersection point is known from the experimental
fractional-frequency deviation data and the corresponding f,,,
is determined.

The transformed time domain data are shown plotted in
Fig. 5 as extensions of the noise spectral density plots
previously discussed. The transformed Oy(T) data “lines-up”
well with the measured Z(f,,) curves. However, to ascertain
the accuracy of the transformations, close-in phase noise
spectral density measurements were made with the HP5390
Frequency Stability Analyzer as configured in Fig. 3. This
instrument also makes use of the Hadamard Variance, which
was developed for making high-resolution spectral analysis.
Frequency domain data is calculated from the time domain
data provided by digital counters. The data obtained with the
HP5390 is also plotted in Fig. 5, and support the simpler
transformations used above.

lIl. Phase Noise in the Time Domain

It was previously mentioned that from a system’s point of
view, the desired stability parameter is phase noise in the time
domain. In this section several techniques are described to
measure phase noise or jitter as a function of integration time
with conventional instrumentation. Also described below are
how these measurements compare to the stability measured via
the fractional-frequency deviation technique. Direct calori-
metric phase jitter measurements were made and these were
compared with the corresponding transformed oy(r) measure-
ments. Good agreement was obtained. Additional phase error
data as a function of time was obtained by measuring
temperature stability of several synthesizers. A further use of
the phase jitter data involves the calculation of the relative
power between noise and carrier in order to supply another
frequency domain representation of synthesizer stability.

Using readily available instrumentation, a method was
developed to measure phase error at selected integration times.
The measurement block diagram for calorimetric true rms
phase jitter is shown in Fig. 6. The technique involves
heterodyning the phase noise spectra to baseband and calibrat-
ing the phase fluctuations to the measured rms voltage
(Ref. 5). To generate phase jitter data as a function of

integration time, it was necessary to alternate true rms
detectors. Each detector had a different (99%) response time
and, with six detectors, integration times from 60 ms to 45 s
were covered in six points. The integration time span is due to
several different implementations of a true rms converter,
utilized in the calorimetric detectors listed in Fig. 6. The
shorter taus are obtained in high-speed monolithic circuits that
can effectively integrate the high peak-to-rms-noise voltages
into their equivalent root mean square values. Longer sampling
times require more massive heat generating and detecting
hardware and usually operate over much larger bandwidths.
Sensitivity also degrades substantially for the longest 7
detector (45 s) requiring a larger gain to measure the equiv-
alent rms phase jitter (a dynamic range constraint for high
spectral purity signal measurement).

Phase jitter is calculated from the measured raw noise and

sinusoidal voltages by

_ (57.296 deg/rad) Vnoise

\/T Vbeat

A9,,.(1) )

where A¢, (7) is the rms jitter in degrees of a synthesizer at
f,, 7 is the 99% response time of digital voltmeter (DVM),
V,oise iS the true rms voltage of the noise fluctuations, and
V yeqr is the true rms voltage of the calibration beat note. This
assumes that the reference synthesizer is 10 dB more stable
than the synthesizer under test. If the synthesizers are nearly
the same, another 14/2 factor must be added to ascertain the
individual synthesizer performance. The data obtained for the
two synthesizers are plotted in Fig. 7 for a carrjer frequency of

100 MHz.

The JPL-built synthesizer exhibited between 0.7 and 1.0
degrees rms of jitter for 7 <45 s at 100 MHz. With the same
setup, in the short integration times the commercial synthe-
sizer manifested a hundredfold lower noise, but also drifted
relatively more in the longer integration times. The fourfold
degradation at 7=45s, compared to the jitter for 7<<2s,
demonstrates the type of phase drifts that can occur in some
synthesizers, probably due to environmental factors.

It is interesting to note the nearly flat phase jitter slope at
the low taus, for all of the curves depicted in Fig. 7. The
dashed lines connecting the open symbols represent the
corresponding phase jitter values obtained by applying a
simple transformation of the o,(r) data given for both
synthesizers in Fig. 8. These fractional-frequency deviations,
measured with v, = 10 kHz and in a 25-kHz bandwidth (f},),
offer an excellent methodology comparison to the calorimetric
data.where f;, = 15 kHz. The transformation converts o,,(7) vs
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Tto AP, Vs T by a straightforward scaling of the Af/f,
values. The equation used,

Ag, . (1) = g, (r)-f, 7360 ®)

also clarifies the observed short-term 1/7 relation of the o,,(7)
data and the independently measured constant A¢,,,. slope.
Obviously as 7 increases, the o ('r) values must decrease
equally in proportion to maintain a constant phase jitter slope.
Thus a 1/7 fractional-frequency deviation slope translates into
a constant phase jitter. Furthermore, as the phase errors
become larger for longer sampling times, the ory(v-) curves must
flatten out and then eventually turn upward, typically beyond
= 1000 s (as observed in Fig. 8).

Equation 5 can also be applied to the oy(r) data shown in
Fig. 4, but due to the much smaller measurement bandwidth
(f, = 1 Hz) and », = 1.0 Hz, no meaningful relation exists to
the measured calorimetric jitter taken in a 15-kHz bandwidth.
The o (T) values of Fig. 4 would essentially relate to only the
close-ln noise spectral density as previously demonstrated, and
thus exclude the predominant noise pedestal of the JPL-built
DCS at offset frequencies between 0.1 and 10 kHz away from
the carrier. An indication of this is found by comparing the
0,(r) values of Figs. 4 and 8, at 7=1s. The JPL-built DCS
suffers a 42-fold loss in stability, while the commercial unit
degrades by only a factor of 3, for the increased measurement
bandwidth from 1 Hz to 25 kHz, thus showing the importance
of measurement bandwidth. Corroboration of the time and
frequency domain data is enhanced by the observed downward
trend of the transformed A¢,,. . of Fig. 7, for the short
integration times of the commercial synthesizer. This type of
behavior is expected due to the observed rapid drop in noise
spectral density, for f,, > 100 Hz found in Fig. 5.

The empirical data base established to generate the curves
of Fig. 7 can also be used directly in the frequency domain, to
generate another set of spectral densities. This is because the
calorimetric method is basically a hybrid of the conventional
&£(f,,) measurement scheme and several variable 7 detectors.
The formula to generate Z(f,,) is:

V.
L(f,,) = 201og (——%) - 101log (f,) - 3 dB

beat
©)
where V, .. is the true rms voltage at offset f,, Hz from f,,
V pear i8 the true rms voltage of the », =, beat note, fo 18

the wave analyzer’s tuned frequency, f, is the noise band-
width, and the (-6 dB or -3 dB) factor is for SSB noise with
equivalent sources or for a reference with 10-dB lower noise.
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This measurement also utilizes the test configuration in
Fig. 6 (see Ref. 6), and in Table 1 typical phase jitter is listed
for each synthesizer tested and their related calculated spectral
densities. The offset frequency, f,,, in this case was a dis-
tributed parameter due to the wideband low-pass filter used
(Fig. 6: f;, = 15 kHz) and thus the calculated value represents
an integration of the noise sidebands normalized to a 1-Hz
bandwidth without a specific f,, (ie., DC <f, <15 kHz).
Even so, the calculated results match well with the measured
Z(f,,) displayed in Table 1 or in Fig. 5. Additional jitter data
were taken as a function of f,, by utilizing the wave analyzer
as a variable tuned filter, as shown beneath the dotted line in
Fig. 6. Results taken in this manner demonstrated the relation-
ship of wider resolution bandwidths and variable offset
frequency f,,, and confirmed the curves of Fig. 2. It is thus
practical to measure spectral densities of noise sidebands by
the apparatus used to measure phase jitter as a function of
integration time.

IV. Temperature Stability

Phase stability as a function of time also becomes tempera-
ture related, due to the susceptibility of synthesizers to
environmental changes. The temperature coefficient of output
phase was measured and can be related to long-term phase
instabilities. The measurement block diagram used is found in
Fig. 9. The data were taken by applying a temperature step
(AT =20°C) to the synthesizers under test and watching their
phase change with respect to the reference synthesizer, at
ambient (Ref. 7). An exponential phase response resulted from
the applied step temperature change, and the phase stabilized
at a new value after 20 or 30 min. By dividing the phase step
by the temperature step, one arrives at a number that indicates
the susceptibility of phase changes in the expected receiver
environment. The equation is simply

A¢ tmt(T T) ¢ﬁnal(T T)

. (M
AT T,-T,

where A@/AT is the change in output phase per degree
centigrade change in temperature, ¢, and ¢ﬁnaz are steady-
state values displayed on the vector voltmeter before and after
the applied thermal step AT=T, - T,.

Results of this test are tabulated in Table 2 for each
synthesizer and these data indicate that a synthesizer such as
the JPL-built DCS, with a lower parts count, is about 5 times
less sensitive to environmental variations than the commercial
unit tested.

Another attribute of the temperature stability measurement
scheme is the ability to generate a frequency stability value,




Aflf,, for the equivalent thermal time constant of the
synthesizer tested. The same exponential phase vs time curve
discussed above is used to calculate the Af/f,, (7 g0y )- The
1/e {or 63% of the final phase value) time interval, and the
actual A¢, has been normalized to the operation frequency and
recorded in Table 2. Theése numbers represent nonstatistical
phase drift susceptibilities found at longer integration times
(r>1 min), and thus further buttress the long-term stability
analysis. The expression used to compute the temperature
stability displayed in Table 2 and Fig. 8 is

B €=0) ~ bg3q (E=7y,,,)
therm) - 360 ¢ 7

Af
oy Q)

therm : fo

where ¢,,,, (#=0) is the initial steady phase, prior to applied
step AT, bg39, (1= T gyopy,) is the phase shift incurred after
Toherm S€CONAS, and 74, is 63% OF @g,, (¢ 2> 3 74,,,,) mea-
sured in seconds.

The long-term o, (r)values seem to connect fairly well to
these indirectly generated Af/f,’s as the expected up turn in
the two curves occurs at their respective thermal time
constants.

V. Conclusion

In the absence of conventional instrumentation for measur-
ing close-in noise, a method has been developed that not only
utilizes readily available equipment, but that can be used for
production testing. The measurement technique utilizes the
different time constants inherent in the different types of true
rms meters. Two different synthesizers were measured, and the
results were in very good agreement with stability data
obtained by more sophisticated methods and instruments.
Allan Variance was used to establish that, via transforms,
fractional-frequency deviations gave a good representation of
close<in phase noise. This was also supported by spectral

density measurements using the HP5390 Frequency Stability
Analyzer. Allan Variance measurements were subsequently
transformed to phase noise as a function of time and
compared to the phase jitter measurements made by the
method herein described. Good agreement was obtained up to
7= 45 seconds, which corresponds to 6 X 10~3 Hz. Knowl-
edge of the noise process for the particular synthesizer
determines the slope beyond 45 seconds. More accurate
determination of A¢,, (r) beyond 45 seconds can still be
accomplished by ay('r) measurements except that these take
longer test time. Other production-oriented measurement
techniques that offer potential are digital spectrum analyzers
that utilize the FFT (Fast Fourier Transform) to transform
time domain samples in parallel into the frequency domain
with a minimal delay, or a new class of (digital) video chart
recorders that can provide statistical averaging of the phase
drifts as a function of integration time. A few major
synthesizer vendors currently utilize the HP 3582 FFT
Spectrum Analyzer for their production testing of close-in
(f,, > 1Hz) noise spectral densities for their top line,
low-noise synthesizers. The instrumentation just mentioned is
capable of measuring considerably closer to the carrier, within
10~2 Hz, but little need typically has been expressed for such
information. It turns out that VLBI receivers also require
measurements of phase error as a function of integration time,
and any frequency domain method would necessitate accu-
rate transformations from the frequency to the time domain
to assure compliance with the overall system design.

While the results of the measurement techniques herein
described agreed well with transformed data, the overall limits
of applicability were not established. Evidently the measure-
ment technique is valid for the case of synthesizers locked to a
spectrally pure hydrogen reference source, and for the
integration times applied. Further investigation into the
nonstationary (random walk) noise phenomenon may establish
limits to the application, and may offer the optimal method of
measuring long-term instabilities of phase.
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Table 1. Calculated average noise spectral density derived from

phase jitter data
Synthesizer Actual Calculated Measured
M odel Ag rms, 2(fm)? 2(100 Hz),
deg rms dBc/Hz dBc/Hz
JPL-built DCS 0.81 ~82 =75
Commercial unit 0.0083 -122 -131

afm, the offset frequency, is now a distributed parameter, somewhere
between 1 and 15,000 Hz.

Table 2. Temperature coefficient of output phase and frequency
deviation test results

. A9/°C, Ttherm’
Synthesizer deg peak/°C Aflfy Ginerm) :
JPL-built DCS
(variation of 3) 221 (5.6=4)x 10713 720+ 300
Commerical unit 102 + 1 5.1 % 10~13 3000+ 100
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CONFIGURATION B
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SWHERE &) < -80 dBo/Hz AND vy =f_

bMAX OFFSET LIMITED HERE TO f_ < 50 kHz

Fig. 1. Noise spectral density, £ (f), measurement block diagram
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Fig. 3. Fractional frequency deviation measurement block diagram




NOISE SPECTRAL DENSITY Z(f ), dBo/Hz

109 F I l T T ]
Vb =1,0 Hz J
I f, = 1.0 Hz
-10 -
W0 - £, = 100 MHz ]
i i
o ® JPL DCS
10 A COMMERCIAL -
C UNIT ]
12
10741 4
1013 i
X i
o4l 4
10718 | | | |
107! 1 10 102 10° 10
INTEGRATION TIME T, s
Fig. 4. Fractional frequency deviation of JPL-built DCS and
commercial unit
4] T I { i l | I T I
20 AN
m N
40 A\ \\ -]
\K h\
~ -
60~ .~ ~8n
~80 - \\ -
m
100} !Z\ i
~120
_140% @ EXPERIMENTAL DATA _
JPL-BUILT DCS
-160 O TRANSFORMED o (T) .
DATA FOR D =1.0
-180 F TA FOR DCS (Vb 1.0 Hz) ]
A EXPERIMENTAL DATA
200 - COMMERCIAL UNIT N
220 A TRANSFORMED o (7)
DATA FOR UNIT (v, = 1.0 Hz) -
22401~ W EXPERIMENTAL DATA, _
HADAMARD VARIANCE
260 - TAKEN ON HP 5390 N
FOR BOTH SYNTHESIZERS
-280 | ! | { 1 | 1 1 | |
104103 102 1071 100 10! 102 163 10t 0% 10%107

OFFSET FREQUENCY f_, Hz

Fig. 5. Composite noise spectral density
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Fig. 6. Calorimetric phase jitter vs - measurement block diagram
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Appendix
Power Spectral Density Calculations

. Spectrum Analyzer (Fig. 1)

L) = @ ier™ @orse ~ 6 4B +2.5dB - 10 log (f,) - 3 dB))
where:
Q(fm) is in dBc/Hz; or dB below f, the carrier, measured at the offset f,,,,
in 1-Hz equivalent noise bandwidth
P P are measured powers in dBm

carrier >~ noise

-6 dB is a factor for SSB and the displayed carrier power in rms, rather
than peak power

+2.5dB corrects for log amp at IF

f,, isnoise bandwidth; = 1.15 X resolution BW

(-3dBor~0dB) is for two equivalent sources or if reference is 10-dB lower noise

ll. Wave Analyzer (Fig. 1, Configuration B; Fig. 6)

L) =~ @iy Prosee = 6 4B +1.05 dB- 10 log (f,) - 3 dB))

[« noise
where:

+1.05 dB is the correction factor for white noise as average responsing detector is
calibrated to read true rms, for a discrete signal

f,, is equivalent noise bandwidth; = 1.10 X resolution BW, as typical wave
analyzers utilize narrower IF filters




